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Abstract 

Let G and T be topological groups, a: T — > Aut(G) a homomorphism defining a con- 
tinuous action of T on G and G* :=G» a T the corresponding semidirect product group. 
In this paper we address several issues concerning irreducible continuous unitary represen- 
tations (n^H) of G* whose restriction to G remains irreducible. First we prove that, for 
T = M, this is the case for any irreducible positive energy representation of G", i.e., for 
which the one-parameter group Ut '■= 7r"(l,t) has non-negative spectrum. The passage 
from irreducible unitary representations of G to representations of G" requires that certain 
projective unitary representations are continuous. To facilitate this verification, we derive 
various effective criteria for the continuity of projective unitary representations. Based on 
results on Borchers for W-dynamical systems, we also derive a characterization of the con- 
tinuous positive definite functions on G that extend to a G*. 

Keywords: positive energy representation, Borchers-Arveson Theorem, projective unitary 
representation, projective space 
MSC2010: 22E45, 22E66. 22D10, 43A65 

Introduction 

Let G and T be topological groups and a: T — ¥ Aut(G) be a homomorphism defining a contin- 
uous action of T on G. Then the semidirect product G" := G x a T is also a topological group. 
In this note we take a closer look at irreducible continuous unitary representations of G" whose 
restriction to G remains irreducible. This is motivated by the concrete class of examples where 
G is a Banach-Lie group, such as the group of .ff -maps S 1 — > K, where K is a Lie group, and 
a: K — > Aut(G) correspond to rotations of the circle. Then G" is not a Lie group, but it still is 
a topological group (cf. |Nel2| ). 

For T = R, a particularly interesting class of representations (n* ,1-1) of G* are those for which 
the infinitesimal generator of the one-parameter group Ut ■= 7r"(l,i) has non-negative spectrum; 
the so-called positive energy representations. Our first main result (Theorem II. 2p asserts that 
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every irreducible positive energy representation of G" remains irreducible when restricted to 
G. This is quite remarkable because for non-trivial actions, there are many situations where 
irreducible representations of G" are not irreducible when restricted to G. The simplest example 
are the irreducible representations of the orientation preserving affine group of R, which is of 
the form G' = R x Q R for ctt(x) = e t x. We derive Theorem 11.21 as a consequence of the 
Borchers-Arveson Theorem on covariant representations of von Neumann algebras (cf. [BR021 
Thm. 3.2.46]). 

In the light of Theorem 11.21 it becomes a natural question which irreducible unitary repre- 
sentations of G extend to a positive energy representation of G* = G x a R. This appears to 
be a difficult problem, and already for the rather concrete class of loop groups the answers be- 
comes rather involved because it turns out that, for G = G°°(T, K) and (a z f)(w) := f(zw) (the 
rotation action), smooth positive every representations of G* are trivial in the sense that they 
factor through representations of products A x R, where A is an abelian quotient of K. This is 
shown in Section [51 where we also derive a similar result for groups of the form G = C°°(R, K) 
and (a t f)(s) — f(s + t). It is well-known from the classical theory of loop groups that the 
problem of the triviality of positive energy representations of G°° (T, K) x T can be resolved by 
passing from the loop group C°° (T, K) to a suitable central extension G for which G x T has 
plenty of positive energy representations ( [PS86J . |Nel2j ). One obtains a similar picture for the 
case where G is abelian, where one has to pass to Heisenberg groups to obtain positive energy 
representations (see [NZllj and [Zel2j for details). 

Given an irreducible unitary representation (tt, %) of G, then a necessary condition for the 
existence of an extension to G* = G x a T is that, for every t G T, the representation ioq ( 
is equivalent to tt. Then there exists, up to a phase factor in T uniquely determined, unitary 
operators {UtjteT with 

UMg)U; =n(a t (g)) for <eT,«?eG, (1) 

and the question is whether these operators can be chosen in such a way that U : T — > XJ(H) 
is a continuous group homomorphism. For any group homomorphism x '■ T — > T, the operators 
Ut := Utx{t) also satisfy the relation (JXJ) and since groups such as T = R have many discontin- 
uous homomorphisms x : T ~ * one cannot hope for an arbitrarily chosen family (Ut) to be 
continuous. However, what is uniquely determined by tt is the corresponding projective repre- 
sentation U : T — >• PU('H), so that the main issue is whether this homomorphism is continuous 
or not. 

To facilitate the verification of the continuity of a projective unitary representation of a 
topological group, we provide in Section @] some useful criterion (Theorem 14. 15|) . It asserts that, 
for a connected topological group G and a projective unitary representation 7r: G — > PU(H) 
continuity already follows from the existence of a cyclic ray [v] = Cv in the projective space 
P(H) of H whose orbit map G — > F(H),g h-> 7r(g)[u] is continuous. In particular, for irreducible 
representations, it suffices that one ray has a continuous orbit map. The main point of this 
criterion is that it is easier to check continuity for one vector than for all of them. This result 
has an analog for unitary representations tt: G —> U(H) whose proof is much easier, namely 
that a unitary representation generated by a vector with continuous orbit map is continuous. 
What makes the projective version more difficult is the lack of "addition" on projective space. 
We overcome this problem by using the midpoint operation for the natural Riemannian metric 
on P('H) as a replacement. Our Theorem 14.151 refines the criterion by Rieffel f |Ri79| ) that a 
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projective unitary representation is continuous if and only if all its orbit maps in P("H) are 
continuous. 

Since the continuity of a projective unitary representation is characterized in terms of conti- 
nuity of orbit maps in P("H), it is also important to have effective tools to verify such continuity 
properties. In Section [3] we provide such a tool by giving sufficient conditions for a subset 
E C % such that the topology on the projective space P(H) is initial with respect to the 
functions h v ([w}) :— \(v,w)\, w £ E. In particular, it suffices that the corresponding functions 
£ V (A) := (Av, v) separate the points on the space of hermitian trace class operators. For any such 
set the continuity of an orbit map of a ray [w] £ ¥(H) for a projective unitary representation can 
now be verified in terms of the continuity of the scalar- valued functions G — > R, g i— > h v (n(g)[w]). 

The homomorphism a: T — » Aut(G) is a group theoretic variant of the structure of a C*- 
dynamical system, where a: T — > Aut(.A) is a homomorphism into the group of automorphisms 
of a C*-algebra A. For covariant representations (it, U) of a C*-algebra A with respect to a, 
Borchers gives in [Bo83] a characterization of those states in A* (the topological dual of A) 
occurring for covariant representations (for which U is continuous) as those transforming con- 
tinuously under the natural T-action on the Banach space A*. For covariant representations 
satisfying the spectral condition, i.e., the one-parameter group (Ut)tes. nas non-negative spec- 
trum, extra conditions on the states have to be imposed (cf. |Bo96[ Sect. II. 5]). In Section[5]we 
explain how Borchers result can be applied to the problem to extend continuous representations 
of G to continuous representations of G* = G x a T. For the special case of pure states, this 
follows easily from our continuity criteria for projective representations. 

For representations on separable Hilbert spaces and separable topological groups which are 
completely metrizable, so-called polish groups, one can also derive the continuity of projective 
unitary representations from rather weak measurability requirements. This has been shown by 
Cattaneo in [Ca76 based on the results that, for a separable Hilbert space H, its projective 
space is a polish space ( Ca76, Prop. 4]) and PU("H) is a polish group ( |Ca761 Prop. 5]). 

Notation: H denotes a complex Hilbert space, B(H) the C*-algebra of bounded operators 
on H. and U(%) its unitary group. The strong topology on U("H) is the coarsest topology for 
which all functions f v (U) := (Uv, v), v £ H, are continuous. It defines on U(%) a group topology 
and we write U(%) s for this topological group. The center Tl = Z(U("H)) is a closed subgroup, 
so that we also obtain the structure of a (Hausdorff topological group) on the projective unitary 
group PU(-H) = U(W),/T1. 

The space of trace class operators on % is denoted Bi(H), and we write Hermi('H) for the 
subspace of hermitian trace class operators. For v,w £ T-L we write P VjW (x) := (x,w)v and 
P v := P VlV for the corresponding rank-one operators on T~i. 

Contents 
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1 Irreducible positive energy representations 

Let G and T be topological groups and a: T — » Aut (G),t H- a ( , be a homomorphism defining 
a continuous T-action on G. We write G* := G xi a T for the corresponding semidirect product. 

Definition 1.1. We call a pair (it, U) of a continuous unitary representation (tt,T-L) of G and a 
continuous unitary representation {U,H) of T covariant if 

U t 7r(g)U* = n{a t g) for 5 e G, * e T. 

This is equivalent to 7r"(<?, t) := ir(g)Ut to define a continuous unitary representation of the 
semidirect product G". For T = R, a covariant representation (tt, f ) is said to be a positive energy 
representation^ if the the infinitesimal generator A — —ijjj\t=oUt of the unitary one-parameter 
group (Ut)tem. has non-negative spectrum. We then also say that the unitary one-parameter 
group (Ut)teR has non-negative spectrum. 

The following theorem is a central result on covariant representations of operator algebras. 

Theorem 1.2. (Borchers-Arveson Theorem; |BR02[ Thm. 3.2.46]) Let (at)t£R be a a-weakly 
continuous one-parameter group of automorphisms of a von Neumann algebra Ai C B(H), i.e., 
for each j3 G M.* (the predual of M) and M € M., the function t i— >• f3(cttM) is continuous. 
Then the following are equivalent: 

(i) There exists a strongly continuous unitary one-parameter group (£/t)teR * n U(H) with non- 

negative spectrum such that 

a t (M) = U t MU; for t£M,M £ M. 

(ii) There exists a strongly continuous unitary one-parameter group (Ut)t£R in U(A4) with non- 

negative spectrum such that 

a t (M) = U t MU; for t€R,M e M. 

Remark 1.3. If (Ui)t&s. is a strongly continuous unitary one-parameter group, A € Bi(H) = 
B(H)i, is a trace class operator and B E B(H), then the function 

t ^ tv{AU t BU;) = tr(U?AU t B) 

is continuous because the action of R on Bx^H) defined by (t,A) i-> U t AU^ is strongly con- 
tinuous. Therefore (Xt(B) := UfBU^ defines a a- weakly continuous one-parameter group of 
automorphisms of B{TL) 1 and hence on every von Neumann algebra M C B{%) which is invari- 
ant under conjugation with the operators Ut- Therefore the tr-weak continuity of a is necessary 
for the conclusion of the Borchers-Arveson Theorem to hold. 

1 In the context of covariant representations of operator algebras this condition is simply called the spectral 
condition or the spectrum condition. 
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Corollary 1.4. // (V~t)tes. is a strongly continuous one-parameter group in U("H) with non- 
negative spectrum and M C B(H) be a von-Neumann algebra invariant under the automorphisms 
ctt(M) := UtMUf of B{%), then there exists a strongly continuous unitary one-parameter group 
(Vt)tem. of M. with non-negative spectrum and a strongly continuous unitary one-parameter group 
(Wt)te& in the commutant M 1 such that 

U t = V t W t for t £ R. 

Proof. From Theorem II .21 we derive the existence of (Vt) in \J(Ai) satisfying 

U t MUt = a t (M) = V t MV t * for M € M,t € M. 

Applying this relation to V s E Ai, we see that UtV s = V s Ut holds for s,t E K. Therefore 
W t :— V t *U t E V(M') defines a one-parameter group. □ 

Theorem 1.5. (Irreducibility Theorem) If (tt^T-L) is an irreducible positive energy representa- 
tion of G" =Gx„1, then its restriction ir :— tt^\g is also irreducible. 

Proof. Let Ai := tt(G)" be the von Neumann algebra generated by 7r(G). Since G < G" is 
normal, A4 is invariant under conjugation with the unitary one-parameter group U t '■= 7r"(l,t), 
so that Corollary [0] provides a factorization U t = V t W t with strongly continuous one-parameter 
groups (Vt) in M and (W t ) in M' = n(G)' . It follows in particular that U t E M ■ W t , so that 

7r" (g")' = vr(G)' n c/4 = M' n d vk e . 

If 7r» is irreducible, VK t E tt^G* 1 )' = CI for t E R. This implies that U t = V t M t E M, 
which finally leads to M = vr J (G B )" = B(U), i.e., tt(G)' = X' = CI, which means that it is 
irreducible. □ 

Remark 1.6. If (ir,H) is an irreducible representation of G which has some extension to 
G" = G Xq,R, then Schur's Lemma implies that this extension is unique up to a unitary character 
of M. For each \i E K, we obtain a modified unitary representation 

7rl(g,t)=e u ^(g,t). 

The set of all those /ieM for which ir^ is a positive energy representation is an interval which is ei- 
ther empty or of the form \po, oo[ for some /io E R. In the latter case /J,o = — inf Spec(— id7r"(0, 1)) 
leads to a representation for which inf Spec(— id.7r' (0, 1)) =0. We call this the minimal positive 
energy extension of 7T. 

Since the group G* has richer structure than G itself, the crucial advantage of Theorem 11.51 
is that it permits us to study certain irreducible representations of G as representations of G" 
(cf. [Nel2] . [PS86p . 

2 Some Lie group examples 

In this section G denotes a Lie group modeled on a locally convex space (see |Ne06j for more 
details) . If G is a Lie group and the action a of R on G is smooth, the group G" also is a Lie 
group, so that it makes sense to consider unitary representations (71"",%) of G" which are smooth 
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in the sense that the subspace H°° of smooth vectors is dense in T-L. The following lemma, applied 
with y = (0, 1) £ g^ = g X R, the Lie algebra of G", shows that, in some situations the positive 
energy condition leads to serious restrictions on the corresponding smooth representation (w,T-L). 

Lemma 2.1. f |Ne!21 Lemma 5.12]) Let (tt,T-L) be a smooth representation of a Lie group G with 
exponential function exp: g — > G and x,y £ g with [x, [x, y]] = 0. // — idn(y) is bounded from 
below, then d.7r([x, y]) = 0. 

With the preceding lemma one can show in particular that: 

Theorem 2.2. Let G be a connected Lie group with Lie algebra g = C°°(T, t), T = R/Z and K 
a connected Lie group with Lie algebra t. Writing [t] := t + Z for elements of T we obtain an 
action of T on G by 

(«[*]/)([«])=/([*-*])• 

Then all smooth positive energy representation of Cr = G x Q R factor through representations 
of an abelian quotient group of K and annihilate the commutator group of G. Conversely, all 
such representations are positive energy representations for trivial reasons. 

Proof, (a) First we consider the case G — C°°(T, R). Applying Lemma [2~T1 with y = (0, 1) and 
x £ g, it follows that x' = [y,x] £ ker(d7r), so that 

£ g = C°°(T,R): J £{t)dt = o} C ker(dTr). 

(b) For a general Lie group K , we obtain for each i£ta smooth homomorphism 
: C°°(T,R) -> C°°(T,K), T x (f )(t) := cxp(/(t)x). 
As C°°(T,R) <S> i is dense in g, we obtain from (a) the relation 

jf £ g = C°°(T,{): J C(i)dt = 0} Cker(dTr). 

For T = R/2-7rZ, £i(t) = cost ■ x, &(t) = sint ■ x, &(t) = cos t ■ y and £i(t) = sint- y, the relation 

+ = [x,y] 

now shows that [t,t] C ker(d7r), which leads to 

€ = C°°(T, t) : J £(t) dt £ IP] } C kcr(dTr). 

Therefore the derived representation of g actually factors through a representation of the abelian 
quotient algebra t/[t, i] = g/[g, □ 

For the following theorem we recall that a Lie group K is called regular if, for each smooth 
map £ : [0, 1] — !• t, the Lie algebra of K, there exists a smooth curve 7^ : [0, 1] — ► K with 7^(0) = 1 
and 7g(t) = 7f(i) ■ £'(t) (here • refers to the canonical action K x TK — > Tit") and the map 
cvol: C°°([0, — > G,£ i-> 75(1) is smooth. For any regular Lie group K, the parametrization 
of smooth curves 7: R — > K by their logarithmic derivatives £: R — >• t leads to a natural Lie 
group structure on the group G :— C°°(M.,K), endowed with the pointwise multiplication (see 
|NW08j for details). 



6 



Theorem 2.3. Let K be a connected regular Lie group with Lie algebra t and G := C°°(R, K). 
Then (atf)(s) = f(s — t) defines a smooth action o/R on G. Then all smooth positive energy 
representation of G" = G x a R are trivial on G. 

Proof. The infinitesimal generator of the derived action of R on g is Df := 4At=a L( a t)/ = — /'• 
For y = (0, 1) and /(R) C Rx for some x € 6, we derive from Lemma HOI that d.7r(/) = for every 
positive energy representation of G". Therefore G°°(R) ®t C kerd7r, and since this subspace of 
q is dense, we obtain d7r(g) = 0. □ 



3 Generating the topology on projective space 

In this section we discuss the topology of the projective space P(%). Our main goal is a criterion 
for a subset E C % such that the topology on P(TL) is initial with respect to the functions 
h v ([w]) :— \{v,w)\, v £ E. It suffices that the corresponding functions £ V (A) := (Av,v) separate 
the points on the space of hermitian trace class operators. Here we use the topological embedding 
P(%) Hermi('H), [w] H> P w of F(?i) in terms of rank-one projections into the space C of 
positive trace class operators A with tr(A) < 1. It is crucial to our argument that, if H is infinite- 
dimensional, then C can be considered as a compactification of F(H), so that compactness 
arguments can be used. 

Definition 3.1. Let H be a complex Hilbert space, endow its unit sphere S(H) := {v € 
H: \\v\\ = 1} with the subspace topology inherited from Ti and the projective space F(H) — 
S(H)/T with the quotient topology. We denote its elements, the one-dimensional subspaces of 
U, by [v] = Cv. 

Since the sphere inherits a natural metric from fi, it is instructive to first take a closer look 
on the metric aspects of the topology on F(H): 

Lemma 3.2. (a) The metric d(x,y) = \\x — y\\ on the sphere S(H) induces on F(TL) the metric 
d([x],[y]) :=d{Tx,Ty) = J%\ - \(x, y)\) e [0,^2], i,yeS(«). 
(b) The map i: F{TL) ^ Hermi(H), [v] > P v , is a topological embedding. 
Proof, (a) follows from d(Tx,Ty) = d(x,Ty) — in£u\ = xd(x,ty) and 

Md(x,ty) 2 = M \\x - ty\\ 2 = W2(l - Re(x,ty)) = 2(1 - |<a;, y>|). 

(b) For v,w G §(H) with [v] ^ [w] the operator A := P v — P w is hermitian of rank 2 with 
tx{A) = \\v\\ 2 - \\w\\ 2 = 0. Write w = \v + [iv' with v' G §>(TL) orthogonal to v. Then 

Pw = \M 2p v + \ll\ 2 Pv' + XpPv,v> +\fJtPv>,v 

On the subspace TLq — Cv + <Cw we therefore have 

det(A\ no ) = (1 - |A| 2 )(-| M | 2 ) - |A| 2 |/i| 2 = -| M | 2 . 
As tr(A|-H ) = 0, the two eigenvalues of A\-^ are ±|/x|, which leads to 

\\P V ~ P w \\i = 2\n\ = 2Vl - |A| 2 = 2y/l - \(v,w)\ 2 - 
This implies the assertion. □ 
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Now we turn from the metric point of view to families of functions generating the topology. 
Definition 3.3. For v G H we define the functions 

e v ; % — > C, e v (x) := (v,x) 

and 

h v :H/T^C, h v ([x\) := \(v,x)\ for [x]=Tx. 

Remark 3.4. (a) The topology on the sphere S(H) is the initial topology defined by the func- 
tions e v , \\v\\ = 1, because it coincides with the weak topology. In fact, for x,y G §>(%), we 
have 

|| a; -y|| 2 = 2(l-Re( a; ,y)). 

Let E C T~L is a total subset, i.e., spani? is dense in H. We consider on §(%) the initial 
topology te defined by the functions {e v : v G E}. Then 

{wen-. e w e C(S{H),t e )} 

is a closed subspace of H because He^Hco < ||w||. Since this subspace contains E, it coincides 
with H. Therefore te coincides with the metric topology on S(%). 

(b) From the formula for the quotient metric in Lemma I3.2f a). it follows immediately that 
the topology on ¥(H) is the initial topology defined by the functions h v , \\v\\ = 1. 

Remark 3.5. It is an interesting question which conditions we have to require from a subset 
E C Ti to ensure that h E := {h v : v € E} defines the topology on P("H). It is certainly 
necessary that h>E separates the points of ¥(H). For any proper orthogonal decomposition 
H = "Hi (BH2, this rules out subsets E % H1UI-I2 because then hE cannot separate the elements 
[vi + £ P("H), C € T, where 7^ vj G Hj, j = 1,2. This implies in particular that (for 
dimH > 1) E needs to be total and that it cannot be decomposed into two proper mutually 
orthogonal subsets. However, this condition is not sufficient for hE to separate the points of 
P(W). For T~L = C 2 and a non-orthogonal basis vi,v 2 G C 2 , the functions h vi and h V2 do not 
separate the points of P(H). The level sets of both functions are families of circles on the 
Riemann sphere P(H) = S 2 and two such circles can intersect in two points. Geometrically 
this means that a ray Cv G C 2 is not determined by the two numbers and |(t!,«2}|- 

From the same reasoning it follows that, if v%, W3 G C 2 are such that the corresponding rays 
[vi], [V2], [V3} G P(C 2 ) = § 2 do not lie on any great circle, then the functions h Vj , j — 1,2,3, 
separate the points of P(C 2 ). 

Problem 3.6. Suppose that hE separates the points of ¥(H). Is the topology on F("H) the 
initial topology with respect to the set /ie? 

Below we prove a slightly weaker statement, which requires h E to separate the functions on 
a slightly larger set that we introduce below. 

Definition 3.7. Let 

S{H) := {v G H : \\v\\ < 1} 
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denote the closed unit ball in H, endowed with the weak topology, with respect to which it is a 
compact space. Since the scalar multiplication action T x S(H) — > E>(H) is continuous and T is 
compact, we obtain on the quotient space 

W(H) := §(H)/T 

a compact Hausdorff topology and a topological embedding F(T~L) ^ F(H). 

Remark 3.8. (a) If W is infinite-dimensional, then S("H) is dense in §>(H), so that we may 
consider the ball as a compactification of the unit sphere. Likewise ¥(H) is a compactification 
of ¥{%). If % is finite-dimensional, the unit sphere and the projective space are compact. 

(b) If X is a compact (Hausdorff) space and £ C C{X, C) is a point separating set of 
continuous functions, then the topology on X coincides with the initial topology defined by £ 
because the map X — > C £ ,x (f(x))f^g is a topological embedding. 

Proposition 3.9. // E C % is a subset for which the functions h v ([x]) :— \{v,x}\, v G E. 
separate the points of¥{'H), then the topology on ¥{%) is the initial topology with respect to the 
family (h v ) ve E- This is in particular the case for E = H. 

Proof, (a) Since the functions x <— > \(x,v)\ on §(%) are continuous, the function h v defines a 
continuous functions on F(H). In view of Remark [3T8l b). the topology on the compact space 
P(W) is initial with respect to the functions (h v ) v€ E- Now the first assertion follows from the 
fact that P(H) is a topological subspace of F(H). 

(b) To verify the second assertion, we show that, for E — S(H), the functions {h v ) v£ E 
separate the points of P(H). In fact, they obviously separate from the non-zero elements in 
E>(rl). Moreover, ||a;|| = sup^ v ^ =1 h v (x) implies that they determine the norm of an element. 
If h v (x) — h v (y) holds for two non-zero elements §(%) and all v € §(%), we obtain for 

v = a;/||x|| the relation 

\\x\\ = h v (x)=h v {y) = ^^ and likewise ||y|| = %|^, 

INI Itoll 

so that 

\{x,y)\ = \\x\\ ■ \\y\\. 

We conclude that y € Cx, and since the preceding discussion also implies that ||y|| = ||ar||, it 
follows that y € Tx, i.e., [x] = [y] in ¥(H). □ 

Example 3.10. Not every family (h v ) v ^E which separate the points of ¥(H) also separate the 
points of ¥(%). A simple example arises for dimH = 1, where E = suffices to separate the 
points of the one point set P(%), but this is not enough for the interval P("H). 

For H — C 2 , we have seen in Remark 13.51 that if Wi,«2,i>3 are three unit vectors for which 
the corresponding rays [vi], [^2], [^3] € P(C 2 ) = S 2 do not lie on a great circle, the functions h Vj , 
j = 1, 2, 3, separate the points of P(C 2 ). Since the space Herni2(C) of hermitian 2 x 2-matrices 
is 4-dimensional, there exists a non-zero matrix A £ Herm2(C) with 

{Av j ,v j ) = for j = 1,2,3. 

If A is positive or negative semidefinite, then these relations imply Avj = for j = 1,2,3, 
and since the Vj are linearly independent, this contradicts A 7^ 0. Therefore A has eigenvalues 
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Ai < < A2. We assume w.l.o.g. that |Aj| < 1 for j = 1,2 and write ui,U2 £ C 2 for corre- 
sponding unit eigenvectors of A with Auj — XjUj. From A = XiP Ul + XiP U2 we then obtain for 
w j '■— yWjl u j the relation A = P W2 — P Wl , and thus 

= (Avj^j) = \ (w 2 ,v :j )\ 2 - KwxiVj)] 2 

implies that the functions h Vj do not separate the two elements [wi] and [W2] in P(C 2 ). 

We have already seen in Lemma [3.2( b) that we have a topological embedding r\: V(J-L) ^ 
Hermi(-H), [v] ^ P v . The subset 

C := {A = A* £ Hcrmi(-H): < A,trA < 1} 

of Hermi('H) is convex, bounded and weak-*-closed if we consider Bi(H) via the trace pairing 
as the dual space of the space K^K) of compact operators on H. We conclude that C is a 
weak-*-compact subset. Next we observe that 77 extends to a map 

T]:V(H)^C, [v}^P v . 

To see that this map is continuous, we first recall that the subset {P v : v g H} C K(H) spans a 
dense subspace, which implies that the topology on C is the initial topology with respect to the 
functions 

V. C->C, A^tT(AP v )=tr(P AV}V ) = (Av,v) (2) 
(Remark EUJb)). Therefore 

tv(P w ) = (P w v,v) = (v,w)(w,v) = \(v,w}\ 2 

shows that all function £ v or] are continuous (cf. Definition I3.3|) . so that r\: P(W) — > C is contin- 
uous. From ||P„|| = ||w|j 2 it further follows that 77 is injective, hence a topological embedding of 
P(W) onto a weak-*-compact subset of C. 
This leads to the following criterion: 

Proposition 3.11. If E is such that the functions (£ V ) V £E separate the points o/Hcrmi('H), 
then (h v ) V £E separates the points o/P("H). In particular, the topology on P("H) is the initial 
topology with respect to (h v ) ve E- 

Lemma 3.12. For a subset E C % the functions (£ v )veE separate the points of C if and only 
if {P v : v £ E} spans a dense subspace of K(H). 

Proof. The set {P v : v 6 E} is not total in K(T-l), i.e., its closed span is a proper subspace, if and 
only if there exists a hermitian trace class operator A € Hcrmi('H) = K(H)' with (Av,v) = 
for every v € E. 

Writing A = A + — A- with positive operators A±, we find a A > such that tr(XA±) < 1. 
Then XA± € C satisfy (A + v, v) — (A^v, v) for every v £ E. Therefore (£ v ) v< ze does not separate 
the points of C. 

If, conversely, A± £ C are two different operators not separated by the functions (l v )veEi 
then A := A + — A- £ Hermi('H) is non-zero with tr(AP„) = for every v £ E. Therefore 
{P v : v £ E} is not total. □ 
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Remark 3.13. If dim'H = 2, then dim Hermi(H) = dimHerm2(C) = 4, so that any subset 
ECU for which (£ v ) v ^e separate the points of Hcrmi('H) has to contain at least 4 elements 
(cf. Example \5J$. 

The following criterion is sometimes useful to verify the condition in Lemma 13.121 

Proposition 3.14. If M is a connected complex manifold and F: M — > % a holomorphic map 
with total range, then (lF(m))meM separates the points o/Hermi(%). 

Proof. Let M denote the real manifold M , endowed with the opposite complex structure. Then, 
for each A £ Hermi('H), the function a.A(m, n) := (AF (m) , F (n)) on M x M is holomorphic. If 
£p^(A) = (AF(m),F(m)) = for every m £ M, then the holomorphic function ola vanishes 
on the totally real submanifold A M = {(m, m): m £ M} of M x M, which implies that a a — 
(cf. [NeOOl Prop. A.III.7]). We conclude that, for each m € M, AF(m) £ im(F) 1 - = {0}, and 
since im(F) is total, it follows that A = 0. □ 

The preceding proposition applies in particular to all reproducing kernel Hilbert spaces of 
holomorphic functions or holomorphic sections (cf. |PS86j . jNellJ L 

4 Continuity of projective unitary representations 

It is well-known that a unitary representation ir : G — > ~U(H) of a topological group is continuous 
if and only if, for each v in a total subset E C H, the function n v ' v (g) := (n(g)v, v) is continuous 
(cf. [Ne00|, Lemma VI. 1.3]). In this section we discuss a similar continuity criterion for projective 
unitary representations n: G — > PU(H). 

Proposition 4.1. (a) The topology on PU(H) is the coarsest topology for which all functions 
h VjW : PU(H) — > M, [g] i— > | (gv, w) \ , v,weH, 

are continuous. 

(b) The quotient map q: ~U(H) — > P\J(H) has continuous local sections, i.e., each [g] £ 
PU(H) has an open neighborhood U on which there exists a continuous section a : U — > U(%) 
ofq- 

Proof, (a) Let q: U('H) — > PU('H) denote the quotient map. Then all functions f v w := h VjW o q 
are continuous on U('H), which implies that the functions h v>w are continuous on PU("H). 

Let r denote the coarsest topology on PU("H) for which all functions h VlW are continuous. 
We know already that this topology is coarser than the quotient topology. Next we observe that 
the relations 

hv,w([g][g'}) = V«,»([s]) = h v, g -i w {[g'}) 

imply that left and right multiplications are continuous in r. To see that r coincides with the 
quotient topology, it therefore remains to see that [gi] — > 1 in r implies that [gi] — > 1 in the 
quotient topology. 

For a net ([<?.;])i e j in PU("H) we consider a lift {giji^i in U("H). Since the closed operator ball 
B := {A 6 B(H) : \\A\\ < 1} is compact in the weak operator topology, there exists a convergent 
subnet g a (j) — > 3o £ B. For v, w € H we then have 

K, w {g a (j)) -> K tW (l) = \(v,w)\ 
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and also 

hv,w(g a (j)) = \(9aU)V,w)\ -> \(g v,w)\, 
hence \(gov,w}\ — \{v,w)\. This implies in particular that, for each non-zero vector v, we have 

gov G {v x ) x = Cv, 

so that each vector is an eigenvector, and this implies that go = tl for some t G C. If t? = w is 
a unit vector, we obtain \t\ = \(gov,v)\ — 1. Therefore we have g a (j) ~* tl in U(H), and this 
implies that [g a (j)] — * [1] m PU(%). 

If the net {g%)i^i does not converge to 1 in PU(H), then there exists an open 1-neighborhood 
U for which the set Ijj := {i G I: <?i ^ t/} is cohnal, which leads to a subnet (fi'i)ie/ c/ converging 
to 1 in t and contained in the closed subset U c . Applying the preceding argument to this 
subnet now leads to a contradiction since it cannot have any subnet converging to 1 because U c 
is closed. 

(b) Since we can move sections with left multiplication maps, it suffices to assume that g = 1. 
Pick ^ v Q G H. Then 

n-.= {ge\J(H): (gvo,v Q )^0} 

is an open 1-neighborhood in U(H) S with 57T = il. Therefore fl := {[g] : g G fl} is an open 
1-neighborhood of PU("H). For each g G f2 there exists a unique t G T with 

tg G 0+ := {. 9 G U(H) : (<?u , v ) > 0}. 

We now define a map 

cr: f2 — > f2, [#] I— > g for g G fi+. 
To see that a is continuous, it suffices to observe that the map 

O _^ O ^ | (ff^Q, ^Q>| 

S2-M2+, v g 

is continuous and constant on the cosets of T. Hence it factors through a continuous map 
O — > f2_|_ which is a . Therefore the quotient map 

q: TJ(H)->PTJ(H), g^[g] 

has a continuous section in the 1-neighborhood £1 of PU("H). □ 

Corollary 4.2. Let G be a topological group and it: G — > PU("H) be a group homomorphism. 
Then the following are equivalent: 

(i) 7r is continuous. 

(ii) For all v, w G %, the function G — > K,i— ► \(ir(g)v, w)\ is continuous. 

(hi) For each [v] G ¥(H), the orbit map G — > P('H), g > Tr(g)[v] is continuous. 

Proof. The equivalence of (i) and (ii) is an immediate consequence of Proposition 14.11 Clearly, 
(ii) is equivalent to the requirement, that for any =/= v G %, the functions G — > h w (ir(g)[v]), 
w G H, are continuous (cf. Definition I3.3[) . As the topology on P('H) is initial with respect to 
the functions (h w ) W £K (Proposition 13. 9|) . the corollary follows. □ 
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The equivalence of (i) and (iii) in the preceding corollary can already be found in [Ri791 
Lemma 8.1] (see also |Ca761 Prop. 6]). The characterization of the continuity of a projective 
representation in Corollary 14.21 involves all elements v E W. This makes it inconvenient to use 
in practice. Below we develop a criterion which makes it much easier to check continuity. 

Definition 4.3. Let G be a topological group. For a homomorphism ir: G — > P\J(H) we write 
P(H) C Q P(H) for the set of all elements [v] for which the G-orbit map is continuous. 

We now take a closer look at the structure of the set P(H) C - We start with an elementary 
observation on isometric actions of topological groups. 

Lemma 4.4. // the topological group G acts isometrically by 



on the metric space (X,d), then the set X c of all points with continuous orbit maps is closed 
and the G-action on this set is continuous. 

Proof. If x n — y x in X , then the orbits maps o~ Xn : G — > X converge uniformly to the orbit map 
a x . This proves that X c is closed. 
The second assertion follows from 



Remark 4.5. For a unitary representation tt: G — > U(%), one can also consider the subset 
H c C Ti of those elements with a continuous orbit map. This is obviously a subspace which is 
closed by Lemma l4~4l Now T-L = H c Q)Ti^r provides a decomposition of the unitary representation 
as a direct sum of a continuous representation and one without non-zero continuous orbit maps. 
We shall see below that the situation is more complicated in the projective case. 

Definition 4.6. On P(H) we now consider the Riemannian metric given by 

dji([x], [y]) := arccos y)| G [0,7r/2] for x,ye§>(H). 

We write [x]_L[j/] and say that [x] and [y] are orthogonal if x_Ly, which is equivalent to dn ( [x] , [y]) = 
7r/2. If [a;] and [y] are not orthogonal, then we write [a;])t[j/] for the unique metric midpoint of 
[x] and [y]. 

Lemma 4.7. The midpoint operation is a continuous map 



Proof. In the following argument we represent elements of ¥(H) by general non-zero vectors, 
not necessarily normalized to unit length. Recall that P(TL) is a symmetric space with the point 
reflections given by 



a : G x X — > X, (g, x) i-> g.x 



d(go.x ,gi.Xi) = d(g 1 1 g Q .x ,x 1 ) < d(g 1 1 g .x Q , x ) + d(x ,Xi). 



□ 



tt: {([x],[y])eP(H) 2 : (x, y) + 0} -> P(H). 




[y] = r \z] (N) = -x + Zjzwz ■ 
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For y = x + v and z = x + w with v, w G x (here we normalize by (y, x) — (z, x) — 1), we then 
have 



[x + v} = [y] = 
1 - 



— x - 

2 



W 



\\x + if || 2 
2 



(x + u>) 



1 



HI 



:(x + w) 



1- w 



A + \\w\\ 2 l + ||u>|| 2 

Note that this calculation actually shows that ||w;|| ^ 1 because [y] ^ [w]. We further obtain 

2 2IMI 



1 



tW and 



1 



w\ 



which in turn yields 



and hence 



IHI = 



y/l + MI 2 -l 
H 



w 



This argument also implies that w is uniquely determined by x and y and that the midpoint 
operation is continuous in each argument separately. 

We now show that it is continuous. Pick [xo] G P("H) and let U be an open neighborhood 
of [xo] for which there exists a continuous map a: U — > U("W) with o~«[xo] = u for u G U. For 
(xo, yo) and x, — >• xo, y% — > yo we may w.l.o.g. assume that (xj, j/j) ^ for every i. We then 
have for [x^] G U the relation 



because the action of U(H) on P(%) is continuous. 
Lemma 4.8. TTie set P("H) C ft.£ts £/ie following properties: 

(i) P(K) C is dosed. 

(ii) J/ [x], [y] G F(U) C are not orthogonal, then [x,y] := P(Cx + Cy) C P(%) c 



□ 



(hi) J/ [xo], . . • , [x n ] G P("H) C are such that (xj,Xj+i) ^ for j = 0, . . . , n— \, then [xo, 
P(span{x ,...,x n }) CP(K) C . 



. . , x ri 



Proof, (i) follows immediately from Lemma 14.41 

(ii) We obtain from Lemma 14.71 and the equivariance of the midpoint operation under PU('H) 
that, for two non-orthogonal elements [x], [y] G ¥("H) C , we also have [x]jj[y] G P(H) C . 

Let 

Exp: T(P(H)) -> P(H) 

denote the exponential map of the symmetric space P('H). For [y] = Exp(w) and v G T[ X ](P(H)) 
with ||w|| < 7r/2, the whole geodesic arc [y t ] — Exp(fo), < t < 1, consists of elements not 
orthogonal to [x] . By successive dyadic division, we can generate a dense subset of this arc by 
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the midpoint operation from [x] and [y]. Therefore [x], [y] € F("H) C implies that [yt] £ F(H) C for 
< t < 1. 

Since Exp is U("H)-equivariant, we conclude that, for the action of G on the tangent bundle 
T (¥{%)), the set T(F(U)) C of G-continuous elements has the property that, if v G T(P(H)) C 
with < tt/2, then [0, l]v C T(P(H)) C . Since G acts on T(P(H)) by bundle automorphisms, 
it also follows that, for each [x] € P('H) C , the set Tr K ](P(K)) c is a closed complex linear subspace. 
This implies that, for two non-orthogonal elements [x], [y] € F("H) C , the whole projective plane 
[x, y] C P(%) consists of G-continuous vectors. 

(iii) We argue by induction and observe that the case n = 1 follows from (ii). Assume that 
n > 1. Then the induction hypothesis implies that [xo, . . . , x„_i] C F{TL) C . Since x n is not 
orthogonal to this space, the set of all elements [y] € [xo, ■ • ■ ,x n -i] with (y,x n ) ^ is open 
dense. Hence the closedness of P(H) C implies that [xo, . . . , x n ] C F('H) C . □ 

Definition 4.9. We call a subset E C F(H) indecomposable if 

i.e., E cannot be decomposed into two proper mutually orthogonal subsets. 

Remark 4.10. On every subset E C F(H) we obtain an equivalence relation by [x] ~ [y] 
if there exists a sequence [xo], . . . , [x n ] € E with [xo] = [x], [x„] = y and (xj,Xj+i) 7^ 
for j = 0, . . . , n — 1. The corresponding equivalence classes are the maximal indecomposable 
subsets of E. We call them the indecomposable components of E. 

Theorem 4.11. (Structure theorem for F(H) C ) The indecomposable components of¥(H) c are 
of the form P('Hj), j € J, where (Hj)jeJ is a family of mutually orthogonal closed subspaces of 
H . In particular, 

F(U) C = |J P(^), 
where each ¥(Hj) is closed and open in P("H) C . 

Proof. Let G C P(K) C be an indecomposable component. Then P(K) C C GUG X and the closed- 
ness of C 1 - already implies that G is relatively open in F(H) C . Since this is also true for the other 
indecomposable components, G is also relatively closed, hence closed in F("H) because P('H) C is 
closed. 

For [x], [y] G G we find [xo], . . . , [x„] S G with [x] = [xo], [y] — [x n ] and (xj,Xj + i) 7^ for 
j = 0, . . . , n — 1. Therefore Lemma POt m) implies that 

[x,y] C [x , . . . ,x„] C F(H) C , 

and since [x, y] is indecomposable, [x, y] £ C . This proves that G = P(/C) for a linear subspace 
KCH. The closedness of G now implies that /C is closed in H . 

If V(Ki) and V(K,2) are different indecomposable components of 'P('H)c, then obviously 
/Ci_L/C2- This completes the proof. □ 

Corollary 4.12. IfF(%) c is total and indecomposable, then P{U) C = F{U). 
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Corollary 4.13. IfV()C) C V(H) C is an indecomposable component, then 

G K :={geG: *{g)V(K) c V{K)} 
is an open subgroup of G and the induced homomorphism G/c — > PU(/C) is continuous. 

Proof. Let [v] € V{K.). Since V{K.) is an open subset of the G-invariant subset V(H) C , the 
subset U := {g G G: 7r(g)[u] G T-'(^C)} is open. Since G also permutes the indecomposable 
components of ¥('H) C , any g E U preserves P(/C), so that [/ = Gac. The continuity of the 
projective representation of Gk. on JC follows from Corollary 14. 2 1 □ 

Example 4.14. Let x : K ~~ ^ T be a discontinuous character and H = Hi ® H2 be a direct 
sum of two Hilbert spaces. Then n(t)(vi + V2) '■= v% + x(t) v 2 for Vj £ Jij defines a unitary 
representation on H with H c — Hi, but for the corresponding projective representation we have 

P(70e=P(WlpP(%). 

Theorem 4.15. (Continuity criterion for projective representations) Let G be a connected 
topological group and 7r: G — > PU('H) be a projective unitary representation with cyclic ray 
[v] G ¥{%) c . Then -k is continuous. 

Proof. Since open subgroups of topological groups are also closed, the connectedness of G implies 
that it preserves all indecomposable components of ¥(H) C ( Corollary 14. 13[) . Hence 7r(G)[u] lies 
in a single indecomposable component P(/C) for a closed subspace K. C T-L. As [v] is cyclic, we 
find that K, — H, hence V(H) C = V(H), so that tt is continuous fCorollarv l4.2p . □ 

Corollary 4.16. Let G be a connected topological group and tt: G — > PU('H) be an irreducible 
projective unitary representation with P("H) C 7^ 0- Then n is continuous. 

Theorem 4.17. Let G and T be topological groups and a: T — > Aut(G) be a homomorphims 
defining a continuous action of T on G. Suppose that G is connected and that {1:,%) is an 
irreducible continuous unitary representation of G for which n o a t is equivalent to n for every 
t G T. We then obtain a well-defined projective unitary representation U: T PU('H), defined 
by 

U t n(g)U t * = n(a t (g)) for g eG,teT, 
where Ut G U("H) is a unitary lift ofUt*E PU("H). Then the following assertions hold: 

(i) U is continuous if there exists a ray [v] G PU(H) with a continuous orbit map. 

(ii) If {£Tr( g ) v : g G G} separates the points o/Hermi(^), then [v] has a continuous orbit map 

under U if and only if all function 

T^R, t^\(U t v,TT(g)v)\, geG, 

are continuous. 

(hi) // U is continuous, then 

T :={(t,U)eTx XJ{H) S :U t = U}, p: f -> T, (t, U) ^ t, 

is a central T-extension of T . By a{t,U) :— a(t) we then obtain a topological group 
G := G XI5 T and ir(g, (t, U)) := ^{g)U defines a continuous unitary representation of G 
on % extending tt. 
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(iv) //, in addition, the central extension p: T — > T splits, then ir extends to a continuous unitary 
representation of G* = G x Q T . This is always the case for T = R. 

Proof, (i) Let F(H) C denote the set of continuous rays for the projective representation U. Since 
T acts continuously on G and 7r is continuous, the set F('H) C is G-invariant because 

UMg)v] = (U t Tr(g)u;)U t {v] = n(a t (g))U t [v}. 

Suppose that [v] E F(H) C . Then tt(G)[u] C F(H) c is total and indecomposable (because G is 
connected), so that Corollary 14. 121 implies that F(W) C = F(T~L), i.e., that U is continuous. 

(ii) follows from Proposition 13.111 Note that \(Utv,Tv(g)v)\ depends only on Ut and not on 
the choice of the unitary lift Ut- 

(hi) Since T is the pullback U U(H) of the central T-extension \J(H) — > PU("H), it also is a 
central extension of topological groups, i.e., p: T — > T is a quotient map with continuous local 
sections. The rest of (hi) is clear. 

(iv) If <t: T — > T,t H> (t,U t ) is a continuous splitting of T, then n^(g,t) := n(g)U t is a 
continuous extension of ir to G" . 

For T = R, the discussion in |Mag92| Ch. 9] implies that T actually is a Lie group and 
since one-parameter groups of quotients of Lie groups lift, there exists a continuous splitting 
cr: T — > T. □ 



5 Extending representations to semidirect products 

Let G be a topological group. Then there exists a VF*-algebra W*(G), together with a homo- 
morphism 77: G — > U(W*(G)) which is continuous with respect to the weak topology on W*(G), 
and which has the universal property that, for every continuous unitary representation (tt, "H) 
of G, there exists a unique normal representation 7r: W* (G) — > B(H) with tt o ij = n (cf. [NeOO, 
Rem. IV.1.2], [GNOO] ). In the appendix of |GN00j it is shown that the predual W*{G)* of this 
W^*-algebra can be identified with the subspace B{G) C Cb(G) of bounded continuous functions 
on G, spanned by the convex cone V C (G) of continuous positive definite function on G. The 
natural map 

rj* : W*(G)* — !• B(G), :=^o^ 
is a linear bijection which is continous with respect to || • on B(G). 

Remark 5.1. In general the subspace B(G) is not closed in (Gfc(G), || • ||oo)> so that 77* is not 
an open map with respect to || • ||oo on B{G). 

In fact, if G is locally compact abelian, Bochner's Theorem implies that B{G) is the range 
of the Fourier transform M{G) — > G(G) from the convolution algebra M(G) of hnitc Radon 
measures on G to G(G). For G — T and G = Z, we have M(G) S ^(Z), so that B(T) is 
the Wiener algebra of all continuous functions with absolutely convergent Fourier series. This 
algebra is dense in G(T) and a proper subspace, hence not closed. 

We endow B(G) with the norm || • || that turns a* into an isometry. According to |GN00[ 
Prop. A. 3], we then have ||y>|| = \\<p\\oo = <p(l) for (p £ V C (G), but Remark l5Tl implies that, in 
general, || • || is not equivalent to || • ||oo because B(G) may be incomplete w.r.t. || • ||oo- 
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Let T be a topological group and a: T — > Aut(G),t H> a t be a homomorphism defining a 
continuous action of T on G. We write G tt := G x\ a T for the corresponding semidirect product 
group. From the universal property of W*(G) we obtain a homomorphism 5: T — >• Aut(W*(G)) 
which is uniquely determined by at o rj = r/ o a* for every t £ T. This defines a W* -dynamical 
system in the sense of Borchers (where no continuity of a is required; cf. |Bo8 3_). Let B(G) C C 
-B(G) denote the set of all functions </? for which the map T — > B(G),t n- a|<£> = o a t is 
continuous. From |Bo831 Prop. II. 5] it follows that B(G) C is a closed subspace invariant under 
T which is generated by the convex cone B{G) PI V C {G). 

Theorem 5.2. (Characterization Theorem) Let (tt,'H) be a continuous unitary representa- 
tion of G and C B{G) the corresponding folium, i.e., the set of all functions of the form 
(fs(g) ■— tr(7r(g)5), where S G Hernii('H) is non-negative with tr(S') = 1. Then the following 
are equivalent: 

(i) 7r is quasi- equivalent to a representation (tt','H') that extends to a continuous unitary repre- 
sentation (tt^W) ofG^ = G x a T. 

iii) F n is T -invariant and contained in B(G) C (which implies that T acts continuously on F^). 

Proof. This follows immediately from |Bo83i Thm. III. 2], applied to the VF*-dynamical defined 
by (a t )teT and the one-to-one correspondence between normal representations of W*{G) and 
continuous unitary representations of G. □ 

Corollary 5.3. (Extendability Criterion) For a continuous positive definite function if £ V C (G), 
the following are equivalent: 

(i) ip extends to a continuous positive definite function of G" = G x Q T. 

(ii) ip G B(G) C , i-e., the T-orbit map of ip is continuous with respect to the norm \\ ■ \\ on 

B(G)^W*(G)*. 

Proof, (i) =>■ (ii): If tp* : G" — > C is a continuous positive definite extension of <p, then the 
corresponding GNS representation of G' is continuous, so that (ii) follows from Theorem 15.21 
(ii) =>■ (i): According to |Bo93j . the subspace 

M := {A G W*{G) : AB(G) C U B{G) C A C B{G) C } 

is a W-^-subalgebra, A/" := B(G)jr n M is a W / *-ideal, and B(G) C is the predual of the W*- 
algebra M /Af. 

Since the left and right multiplications with elements of r](G) C W*(G) define isometries of 
B{G) = W*(G)*, and Theorem 15.21 implies in particular that for each <p G B{G) the maps 

G -> B(G), .9 h> 77(5)90, .9 ^ ^rj(ff) 

are continuous, Lemma [4.41 shows that the left and right multiplication actions of G on B(G) 
are continuous. From 

a* t {il{g)ip) = r](a t -ig)a*(p 
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we now conclude that 77(G) C M. Since W*{G) is generated by 77(G) as a IU*-algebra, it follows 
that M. = W*(G). Any faithful normal representation of M. jM now yields a continuous unitary 
representation (ir, H) of G for which 

F v = B(G) C n W e Pc(G) : = 1} 

is the corresponding folium. Since it is T-invariant, Theorem [52] implies the existence of a quasi- 
equivalent representation (ir',W) of G that extends to G". As F n = i*^/ by quasi-equivalence, 
(i) follows. □ 

Remark 5.4. (a) Unfortunately, the characterization of the extendable positive definite func- 
tions on G is given in terms of the norm || • || on B{G) which is not very accessible. Since the 
inclusion (B(G), \\ ■ ||) — > (Cb(G), \\ ■ ||oo) is continuous, Corollary 15.31 shows that the continuity 
of the map 

T^C b (G), t^ipoa f 

is necessary for the existence of a continuous positive definite extension to G" . 

Since this condition is much easier to check for concrete cases, it would be interesting to 
know whether it is also sufficient. 

(b) Assume that T = R. Although, in general, the group G* = G X a M is not locally compact, 
the existence of an invariant measure on the quotient G"/G = R implies that unitary induction 
makes sense as a passage from continuous unitary representations of G to continuous unitary 
representations of G". 

Starting with a unitary representation (tt,T-L) of G, we consider the space W := L 2 (R, H), 
endowed with the continuous unitary representation 7r" := Intg (tt), given by 

(J(g,t)f)(s)=n(a- s (g))f(s-t) for g eG,s,teR. 

Then (n$(g, 0)/)(s) = Tr(a- S (g))f{s) shows that G acts by multiplication operators and (U t f)(s) := 
(7r"(l, t)f)(s) = f(s — t) shows that R acts by translations. It follows in particular that 
Spec(/7) = R, so that 7r# never is a positive energy representation. 

Let v € H be such that the positive definite function (f(g) := (ir(g)v,v) has the property 
that R — ^ Cb(G),t H> <y3oa t is continuous. For /i 6 G C (R), we consider the element f(t) := /i(t)w 
of W. In the representation (7r",%") we then obtain the matrix coefficient 

(^(9,t)fJ)= I {K{a- s {g))v,v)h{s-t)h{s)ds= [ <p{a- a (g))h(a - t)h(s) ds. 

This is a continuous positive definite function whose restriction to G is given by 

(^(5,0)/,/) = J^ip(a_ s (g))\h(s)\ 2 ds. 

If the functions |ft n ||j n € N, form an approximate identity on R, we thus obtain a sequence 
(y>Jj) n£ N of continuous positive definite functions on G" such that ip n := ip^ n \a converges in Gf,(G) 
to tp (cf. [Bo69l Sect. III]). 

If we apply the same construction to the discrete group R^ instead, we have W — i 2 {R,1-L) 
and for / = 8qv, we obtain the positive definite function 

V s (g,t) = 5 Q , t (p(g) 
which is not continuous on G* if ip is not constant. 



19 



Applications to C*-dynamical systems 

We conclude this section with a brief discussion of the link to Borchers' criterion for the existence 
of covariant representations in the context of C*-algebras. 

Let A be a C*-algebra, T be a topological group and a: T — > Aut(_4) be a group homo- 
morphism (not necessarily strongly continuous). A covariant representation of (A, a) is a triple 
(n, U,T-L), where tt: A — > B(H) is a non-degenerate representation of A and U: T — > U(H) is a 
continuous representation satisfying 

U t Tv(A)U; = n(a t {A)) for A G A,t G T. 

If {■n,U,'H) is a continuous unitary representation and v G W a unit vector, then tp(A) :— 
(tt(A)v, v) is a normalized state tp G A* for which the a-orbit map T — > A* , t > a* t tp := tp o a t 
is norm continuous. This follows immediately from 

{a* t tp)(A) = (Tt(a t A)v,v) = {U t AU* t v,v) = (AU* t v,U* t v) = tr{APu, v ). (3) 

There is an interesting converse result, namely that every state tp G A* with a norm-continuous 
a-orbit map comes from a vector in a covariant representation (cf. |Bo83j ). Since Borchers' proof 
of this result is quite involved, one would like to a have a more direct argument based on the 
criteria from above. 

Remark 5.5. (cf. |BN12j ) Let ir: A^> B(T~L) be a representation of the C*-algebra and 

7T* : Bi (H) ->■ A*, ir*(X)(A) := tr(ir(A)X). 

Then 7r* is a continuous linear map whose adjoint it* : A** — > B\{T-L)* = B(H) is a normal 
representation of the VK*-algebra A** (cf. [Sa71 ). In particular, its range is closed, and therefore 
the range of 7T* is closed as well. Therefore 7r* induces a topological embedding Bii^H)/ ker7r* = 
B 1 (H)/tt(A)- l <-» A* of Banach spaces. 

The map 7r* is injective if and only if tt(A) is weakly dense in B{'H), which is equivalent to 
tt{A)" = 7T*JA**) = B(H). This means that tt is irreducible and then tt, : B^U) ->• A* is a 
topological embedding. 

Theorem 5.6. Assume that a: T — > Aut(.4) defines a strongly continuous automorphic T- 
action on A. Let {■n,'H) be an irreducible representation of A for which tto at is equivalent to n 
for every t G T and let v G % be a unit vector. Then the following are equivalent: 

(i) The state <p(A) := (ir(A)v,v) of A has a norm- continuous orbit map T —¥ A*,t H >• tp o a t . 

(ii) There exists a central T-extension p: T — > T and a continuous unitary representation 

U : T — >■ U("H) such that (tt, U,H) is a covariant representation with respect to a := 
a op: f -> Aut(^). 

Proof. In view of ((3]), (ii) implies (i). So we assume (i). Then there exists a family (U t )teT of 
unitary operators with 

U t -K{A)U% = n(a t {A)) for t G T, A G A. (4) 
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From © we derive the relation a*(p = n*(Pu _ x „). Since 7r» is a topological embedding by 
Remark l5.51 the map T — > Hermi('H),t H> Pjj t v is also continuous. Therefore Lemma [3721 shows 
that [v] E P(H) C is a continuous ray for the corresponding homomorphism U : T — > PU("H). As 
in the proof of Theorem 14 .17[ we see that 7r(U(^))[-y] C P(H) C consists of continuous rays for U. 
As tt(V(A)) acts transitive on XJ(H) ( [Dix64| Thm. 2.8.3(iii)]), we obtain ¥(H) = V(H) C , so that 
Corollary 14.21 implies that the T-action on P(%) is continuous and now one proceeds as in the 
proof of Theorem 14.171 □ 

Remark 5.7. If ir is not irreducible, then the situation is more complicated. Then it (A)' ^ CI, 
so that the ambiguity in the choice of U is rather large and the requirement that tt o at ~ 7r for 
every t does not lead to a canonical projective unitary representation. 

Example 5.8. Let A be a C*-algebra and a: T — > Aut(A) a homomorphism defining a contin- 
uous action of T on A. Then a defines in particular a continuous T-action on the unitary group 
G := \J(A), endowed with the norm topology. Let ip: G — > C be a positive definite function 
defined by a linear positive functional ip £ A* . We claim that, in this case, the requirement that 
the curve tpt i n C&(G) is continuous implies that the curve ipt ■— 4 ,oa t in A* is norm continuous 
(cf. Remark rem:5.4(a)). 

This claim follows from the fact that the absolute convex hull of V(A) is a O-neighborhood 
in A. In fact, if A = A* with ||A|| < 1, then U := A + iy/l - A 2 is unitary and A = \(U + U*). 
Therefore the absolute convex hull of U(.A) contains all hermitian operators A with ||A|| < 1, 
hence all operators C with ||C|| < \ because C = \{C + C*) - i\{iC - iC*). 
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